
December 15, 2016
The Honorable Ruth Johnson
Michigan Department of State
430 West Allegan Street
Lansing, Michigan 48918

Dear Secretary Johnson,

I am writing you in your capacity as the elected official charged with supervising elections in the 
State of Michigan. The occasion for this letter is the recent and unprecedented set of statements by 
prominent individuals that allege “fraud or mistake” by both state and local officials in Michigan, 
tampering with the election through organized hacking sponsored by foreign powers, and 
vulnerability of election equipment to such hacking and alleged “evidence that vote totals could 
have been manipulated.” 

The effect of these assertions, particularly given partisan tensions and the polarization of the 
electorate during the recent election campaigns, is to cast doubt on the integrity of the voting 
process in our state. In this letter, we summarize the results of our elections forensics analysis that 
addresses some of these doubts.

Allegations of Fraud, Mistake, and Tampering

We identify three sets of assertions that motivate this analysis: 

• The recall petition of Jill Stein alleging “fraud or mistake” by county and state boards of 
canvassers, as well as other election officials.

• The public statements (including blog posts and articles) of a group of computer 
scientists, and articles based on these that include assertions that there is “evidence that 
vote totals could have been manipulated.”

• The statement by the White House press secretary that the President of the United States 
has ordered an intelligence agency review of an alleged “pattern of malicious cyber 
activity related to our presidential election cycle.”

Any claim that election results were affected by fraud, mistake, or tampering is a serious matter 
that, if supported by credible evidence, would cause great concern. However, in none of the three 
sets of statements we reviewed were we able to find specific election result anomalies that were 
caused, or suspected of being caused, by the alleged activities. Regardless of this lack of specific 
assertions of data irregularities, we believe the seriousness of the matter justifies an independent 
evaluation using the tools available to us.
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The Use of Election Forensics

Shortly after the certification of the election results by the Board of State Canvassers in late 
November, we began to analyze the results of county elections using methods that have been 
developed within the relatively new field of Election Forensics. The purpose of Election Forensics 
is to “detect anomalies that may indicate fraud.” The statistical methods of Election Forensics 
cannot, by itself, prove or disprove fraud.

Such statistical methods, if applied properly and within a reasonable time after an election, can 
help citizens and election officials evaluate the seriousness of issues involving the election process, 
including both detecting evidence of actual fraud, and demonstrating a lack of evidence of fraud. 
The use of these methods can also form a deterrent to persons that may contemplate future actions 
to tamper with election results, by highlighting the ability to detect evidence of tampering and by 
increasing the difficulty and complexity of any such efforts.

The methods we use here are intended to detect evidence of episodic fraud or tampering, meaning 
fraud or tampering that occurred in only some elections and some counties. This is the category of 
activity that was explicitly alleged in the Jill Stein petition, and the likelihood of such activity was 
stated in the articles based on the work of the computer scientists.

No Substitute for Election or Supervision of Elections

Of course, the statistical methods used in Election Forensics are not a substitute for elections 
themselves, and the results of such analyses do not substitute for the proper supervision of 
elections and canvassing of votes under law. In the analysis we summarize for you below, we are 
careful to recognize that voters, not statisticians, are the persons whom the law should give the 
highest deference. 

Two Sets of Statistical Tasks: Exploratory Data Analysis and Hypothesis Tests

In our forensic analysis, we conducted two sets of statistical tasks designed to detect evidence of 
episodic tampering or fraud, or the lack of such evidence:

1. Exploratory Data Analysis, and Visualization of Results in Successive Elections

We use exploratory data analysis (“EDA”) techniques, and simple statistical analyses that 
involve comparing results from the same counties in successive elections for the same 
office. These steps allow us to inspect the pattern of vote across counties, and either detect 
unusual deviations from the general pattern, or note that no such unusual deviations exist. 
In particular, we conduct two such tests:

EDA Test I: Shape of Distribution of Vote Shares by County, by Candidate 
We array the vote shares for each candidate across all counties, and visualize it in the form 
of a histogram. 

EDA Test II: Pattern of Shifting
We look at the vote shares for major party candidates for an array of counties, and then 
compare them with the same vote shares for the same party in a successive election for the 
same office. We fit a line representing the predominant pattern of such changes across 
time, and visualize the “scatter plot” in a manner that illustrates this pattern. 

2. Hypothesis Tests

We conducted two hypothesis tests, meaning testing of a hypothesis against the empirical 
data. We make use of the EDA described above in these tests.
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Test I: Detection of Unexplained Outlier Counties

First, we used a two-step test to detect outlier counties. These counties, at the initial step, 
are identified by statistical techniques (and inspection of graphics generated using 
exploratory data analysis). In the second step, we examine whether past voting patterns, or 
other known factors, provide an unambiguous rationale for the unusual voting patterns in 
those counties. If counties are identified as outliers in the first step, and analysis of past 
voting does not provide a rationale for that behavior in this election, we consider this as 
evidence of a data anomaly that could have been caused by fraud or tampering, and which 
deserves further investigation. If no such unexplained outliers remain, then we consider 
this a lack of such evidence.

Test II: Detection of Anomalies in the Cumulative Vote Pattern

The second set of tests involve examining the statistical pattern of vote shares among 
counties, and testing it to see if it deviates from an expected pattern. In particular, we 
calculate an empirical cumulative distribution function from the vote shares (share of vote 
recorded for candidates) from individual counties. In a series of contested elections for the 
same office, we expect that some counties will vote more strongly for one party’s 
candidate than others, and that this pattern of relative voting preference among counties is 
fairly stable over time. Such a pattern creates a signature of voting that is distinctive, and 
deviations from this pattern can be observed, and statistically tested.

Using this procedure, we test whether the cumulative distribution of vote shares (the 
“signature” of county voting patterns) is significantly different from an idealized 
distribution. Such an idealized distribution can be constructed from recent voting behavior. 
If either visual inspection of the distributions, or a statistical test, demonstrates that these 
patterns are sharply different in a manner that is not clearly explained, we consider this to 
be evidence that deserves further investigation. If no such significant difference is 
established either by inspection or by statistical test, we consider this to be a lack of any 
such evidence.

Assumptions We Did Not Make

It is important to note that we do not make a number of assumptions that are sometimes made in 
studies of voter behavior, and that are clearly violated in practice. In particular, we do not assume 
any of the following: randomly distributed voters; evenly sized voting districts; the existence of a 
one-dimensional axis of voting preferences; a symmetric distribution of vote shares among 
districts; accurate statements by voters responding to polls (including exit polls); lack of sampling 
error and question bias in polling, including in exit polling; lack of migration among districts; 
perfectly informed voters; perfectly supervised elections; complete turnout; universal voting 
behavior by adults; and lack of “protest” votes. 

We also do not rely upon any rational voter model, nor any polling data. The primary, and indeed 
nearly the only, data we rely upon are actual recorded votes in specific voting districts and specific 
elections.

Results of Exploratory Data Analysis

The results of our EDA tasks are as follows:

• The histograms of vote shares across counties, for both 2012 and 2016, indicate the 
expected pattern across the large majority of counties. In 2016, we can identify 3 outlier 
counties. We discuss these further below, where we conclude that the results in these 
counties are readily explainable by at least two methods. 
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See the histograms in Attachment A (including figures 1, 2, 6, and 7).

• The scatter plots showing the county results in 2012 and 2016 for the same party display 
either a close relationship, or a very close relationship, between the same-county vote 
shares in 2012 and 2016 for the same party’s candidate for President. The relationship 
also holds if the comparison is done on total votes. 

This strongly shows that voter preferences shifted in a consistent manner across counties, 
as would be expected. No evidence appears here that suggests any irregularities.

See Attachment A, figures 3, 4, 8 and 9; both vote shares and vote totals are displayed. 

• The empirical cumulative distribution function graphs show an expected S-curve shape, 
in both election years, and for the candidates of both parties. These distributions have 
shifted in the expected direction given the shift in voter preference across a successive 
election, but retained a similar shape. No obvious indication appears that suggests any 
irregularities.

See Attachment A, figures 5 and 10. 

Results of Hypothesis Test I

The results of Hypothesis Test I are as follows:

• The distribution of vote shares for both Trump and Clinton can be represented by a 
histogram that displays the expected shape of a curve, skewed to one side, with a clear 
central tendency. (The shape of the curve is similar to the classic “normal” curve, but is 
not symmetric and cuts off sharply. As discussed further below, the distribution appears 
to follow a pattern similar to that presented by known statistical distributions, although 
this is not critical for this test.)

• The main body of the distribution, for both Trump and Clinton vote shares, is contained 
within the range represented by the mean plus or minus two standard deviations. There 
are 3 outlier counties in Michigan in 2016: Wayne, Washtenaw, and Ingham. All these 
are more than two standard deviations from the mean, and are also easily identifiable as 
the only counties out of 83 that have vote share that low (for Trump) and high (for 
Clinton). 

• See the histograms of vote shares in Attachment A, including figures 1, 2, 6, and 7.

This initial identification of an outlier only demonstrates the need to look for a clear reason for the 
unusual result. We examine two possible explanations:

1. Strong local voter preferences that are different from those in other counties in the state.
As we are quite familiar with these counties, examining this possibility is relatively easy, 
and confirms a rationale for this unusual voting behavior. That rationale is further 
demonstrated below.

2. Past voting patterns consistent with the results from this election. 
A straightforward comparison (scatter plot) showing the 2012 versus the 2016 vote shares 
by counties confirms that the relative vote shares for nearly all counties are quite stable 
across two presidential elections. In particular, the relatively high Democratic party vote 
share in the presidential elections in 2012 for these counties predicts very closely the high 
share in the same election in 2016.
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• See the scatter plots of vote shares in Attachment A, figures 3 and 8.

Conclusion of Hypothesis Test I

Given the clear rationale for the voting behavior in all three outlier counties, and the high 
correlation of same-county, same-party voting across two subsequent presidential elections, we 
find no statistical evidence of episodic vote tampering from this test among Michigan counties in 
the 2016 general election.

Results of Hypothesis Test II

The results of Test II are as follows:

• The empirical cumulative distribution function of vote shares across counties 
demonstrates the “S-curve” shape we expect given the distribution of vote shares across 
counties described above, and the historic pattern of votes across counties. 

• A side-by-side inspection of the CDF of vote shares in 2012 and 2016, for both the 
Republican and Democratic party candidates, suggests that a very similar pattern 
occurred across counties for the same-party candidates in successive elections. As can be 
expected, the pattern shifts as voters favor the same-party candidates by different levels 
in these different elections. However, the relative pattern among counties remains very 
similar. 

See the cumulative distribution function graphs in Attachment A, figures 5 and 10.

• We observe that the shape of the CDF of votes, particularly for one party’s candidate in 
both 2012 and 2016, appears similar to a Weibull, or perhaps a log-normal or 
exponential, distribution. The Weibull distribution has been demonstrated in past 
research in different fields to represent the diffusion of ideas and innovations, and 
therefore has a theoretical and practical motivation. This provides an opportunity for a 
statistical test that, while not conclusive, is nonetheless worth undertaking. 

For this, we compare this empirical distribution with an idealized Weibull, normal, and 
log-normal cumulative distribution. We use statistical tests of the null hypothesis that the 
empirical distribution—which reflects some random and other factors—is a sample from 
the idealized one. 

For the Republican candidate in 2012 and 2016, the data do not reject the null 
hypothesis. For the Democratic party candidate, the pattern is also consistent across two 
elections, though not matching the same distribution as closely. The consistent patterns 
provide no indication of any irregularities. While this test is not dispositive, it does 
corroborate the other findings. 

• Visual inspection of the distributions was consistent with these test results. In particular, 
the smooth S-curve of a Weibull distribution fits the 2012 and 2016 county vote share 
patterns for the Republican party candidates very closely in both election years.

Conclusion of Test II

Not rejecting the null hypothesis of a smooth S-curve of empirical vote shares means the data 
provide no statistical evidence of episodic vote tampering from this test among Michigan counties 
in the 2016 general election. 
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Conclusion from EDA Tasks and Both Sets of Hypothesis Tests

An elections forensic analysis of the 2016 general election results in Michigan is strongly 
motivated by the three sets of assertions of fraud, mistake, and tampering cited above. We 
examined the certified election results from the State Board of Canvassers with exploratory data 
analysis tasks, and two sets of hypothesis tests. These methods were employed to detect evidence 
of fraud, or indicate no such evidence, consistent with the purpose and the limitations of election 
forensics methods. 

The exploratory data analysis tasks included creating and examining histograms of vote shares by 
county in two elections, scatter charts showing same-county vote shares across two elections, and 
empirical cumulative distribution functions for the same set of candidates and elections. The 
results are all consistent in showing a pattern of votes, and shifting of votes across elections, that is 
not unusual. There is no evidence from these results that suggests irregularities or episodic fraud or 
tampering with the Michigan 2016 general election results for the office of President. 

The hypothesis tests involved testing whether the observed results were significantly different from 
the pattern of results that would be expected given the results from the past two elections. The 
results from both sets of hypothesis tests indicate no evidence of irregularities or episodic fraud or 
tampering with the Michigan 2016 general election results for the office of President. 

Indeed, what we observed was a relatively smooth distribution of votes across counties; a lack of 
unexplained outliers; and a reasonably predictable shift in recorded votes in the same counties for 
major parties across two successive elections. Given this, it would be very difficult to conclude 
there was any large scale tampering, hacking, fraud, or mistake in the 2016 general election in the 
State of Michigan for the office of President of the United States.

Sincerely,

Patrick L. Anderson

Attachments:  A. Selected Graphic Exhibits
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Figure 1:
Number of Counties by Vote Share, Trump 2016
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Figure 2:
Number of Counties by Vote Share, Romney 2012
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Figure 4:
Total Votes by County, 2012 vs. 2016
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Figure 5:
Empirical Votes Received by Candidate
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Number of Counties by Vote Share, Clinton 2016
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Figure 7:
Number of Counties by Vote Share, Obama 2012
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Figure 8:
Share of County Vote, 2012 vs. 2016
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Figure 9:
Total Votes by County, 2012 vs. 2016

Attachment A: Selected Graphic Exhibits



0
.2

.4
.6

.8
1

C
um

ul
at

iv
e 

S
ha

re
 o

f C
an

di
da

te
 V

ot
e

.2 .4 .6 .8

Candidate Share of County Vote

Obama (2012) Cumulative Votes

Clinton (2016) Cumulative Votes

Figure 10:
Empirical Votes Received by Candidate

Attachment A: Selected Graphic Exhibits


	Michigan Election Recount Exhibits_Final.pdf
	2016 Trump Histogram
	2012 Romney Histogram
	Romney Vote Share Versus Trump Vote Share
	Romney Vote Total Versus Trump Vote Total
	Trump Vs Romney Actual Votes CDF
	2016 Clinton Histogram
	2012 Obama Histogram
	Obama Vote Share Vs Clinton Vote Share
	Obama Vote Total Vs Clinton Vote Total
	Clinton Vs Obama Actual Votes CDF




